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The one- and two-center coulomb repulsion parameters of semi-empirical molecular orbital 
calculations are commonly assumed to incorporate some correlation effects. It  is shown that 
the horizontal correlation energy in a two-electron diatomic molecule can indeed be combined 
with the one- and two-center coulomb integrals to yield "correlated parameters". However, 
the theoretical expressions for these parameters show a dependence on the internuclear separa- 
tion which is strongly at variance with the common assumptions. The results indicate that a 
theoretical elucidation of the semi-empirical parameters is not likely to be found by considera- 
tion of correlation effects in a single electronic state. 

I.a. wird angcnommen, dab die Parameter semicmpirischer MO-Rechnungen Korrela- 
tionseffekte miterfassen. Fiir H 2 wird gezeigt, dab die horizontale Korrelation sich tats~chlich 
durch Verwendung ,,korrelierter Parameter" beschreiben l~13t. Jedoeh unterscheidet sich die 
theoretisehe Abh~ngigkeit dieser Parameter yore Kernabstand yon der fiblicherweise angenom- 
menen. Es ist nicht m5glich, die Parameter semiempirischer MO-Methoden durch Unter- 
suchung der Korrelation nur eines Zustandes theoretisch zu errechnen. 

Les param@tres coulombiens de r~pnision & un et deux centres des calculs semi-empiriques 
d'orbitales mol~culaires sont habituellement supposes tenir compte de certains effets de 
correlation. On montre que l'6nergie de corr@lation horizontale dans une mol6cule diatomique 
& deux ~lectrons peut cependant @tre combin~e avec les int6grales de coulomb & un et deux 
centres pour fournir des "param~tres corr@16s". Mais les expressions th6oriques pour ces para- 
m~tres montrent une variation avecla distance internucl6aire tr~s diff6rente de celle suppos~e 
habituellement. Ces r@sultats montrent qu'un ~claircissement th~orique des param~tres semi- 
empiriques ne sera sans doute pas obtenu par la consid@ration des effets de corr61ation dans 
un 4tat 41cctronique unique. 

Introduction 

I n  semi-empirical organic or inorganic molecular orbi tal  calculations the tota l  
energy of the peel electrons [1] is expressed in  terms of certain one- and  two-center  
integrals.  (For reviews of these  semi-empirical approaches see [2, 3]). I t  is now an  
inheren t  assumpt ion  in  all semi-empirical calculations t ha t  the correct energy 
expression for the electronic system in  quest ion emerges in  a form essentially 
similar to the result  of a simple molecular orbi tal  calculation. I n  part icular ,  i t  is 
assumed tha t  the coefficients in  f ront  of the above ment ioned  integrals can be 
re ta ined from the simpler t rea tment ,  and  tha t  major  par ts  of the errors can be 
corrected by  assigning appropiate  values to the integrals,  which are consequent ly  
called parameters.  The success of such schemes, the PAgIsE~, PAR~ and  PopLv. 
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method [2] or the WOLFSBE~G, HELMHOLZ method [3] and variations thereof, 
certainly lends substantial credibility to this assumption. However, the lack of 
sufficiently accurate wavefunctions for even medium size molecules has apparently 
prevented any a priori demonstration of its validity. 

FISCIt]~Ic-HJALMAttS [4, 5] and SINA~O~LU and ORLOFF [6] have in recent 
discussions ascribed the major  par t  of the deviation between the semi- and non- 
empirical values of the parameters  to correlation effects, i.e. errors inherent in the 
independent particle scheme underl)4ng any molecular orbital approach. DEWieR 
[7] has likewise in the split-orbital method based his arguments on correlation 
considerations. Inaccuracies associated with the core-peel separation [1], which is 
ordinarily invoked, and deficiencies of the Slater atomic orbitals as basis for 
molecular calculations are both assumed to play a minor role. 

The many-electron-theory put  forward by SINA~O~LU [8] showed tha t  the 
largest par t  of the correlation energy of a closed shell electronic system can be 
written as a sum over pair-correlation terms. On this basis SI~A~O~LU and ORLOFF 
argued tha t  these pair-correlation terms can be split into parts which subsequently 
can be combined with the one- and two-center coulomb repulsion integrals of the 
molecular orbital scheme to yield the parameters of the semi-empirical methods. 
However, they did not actually perform this reduction of the molecular correla- 
tion energy. In  the subsequent discussion these authors, in line with the work of 
FlSC~]~-HJALMA~S [4, 5], used atomic correlation data to obtain the one-center 
parameters,  and turned to valence-bond considerations to estimate the two-center 
parameters.  The choice of the valence-bond wavefunctions for the discussion of the 
two-center parameters  was made explicitly to circumvent the well-known problem 
of the inaccuracy of a molecular orbital wave function for large internuclear sepa- 
rations [9]. However, since the parameters  are actually employed in a molecular 
orbital scheme it seems pertinent to investigate a little closer what  the effects of 
correlation are in this ease. 

We shall in the present communication consider the effect of horizontal corre- 
lation in the ground state of a diatomie two-electron molecule, and show tha t  a 
major par t  of this correlation can indeed be incorporated in parameters  corre- 
sponding to the one- and two-center coulomb repulsion integrals. However, the 
derived theoretical expressions for these parameters  do not show the behaviour 
commonly assumed in the Pariser-Parr-Pople-type calculations. This is discussed 
further in the concluding section. 

Effect of Horizontal Correlation 

In  a diatomic molecule the correlation energy can conveniently be divided 
into three parts  corresponding to the three cylindrical coordinates: in-out correla- 
tion, angular correlation and horizontal (or left-right) correlation [10]. The in-out 
and angular parts  have corresponding counterparts in atomic systems [11], 
whereas the horizontal correlation is peculiar to the molecular electronic system. 
The following discussion is restricted to the horizontal correlation energy. Firstly 
because this contribution is known to account for more than 50 percent of the 
total  correlation in the hydrogen molecule (at equilibrium distance) [10], and 
secondly because the relative importance of angular and in-out correlation will 
depend strongly on the details of the molecular orbitals in each particular case. 
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Consider a two-electron homonuclear diatomic molecule. The two lowest 
molecular orbitals can be written as linear combinations of atomic orbitals Z1 and 
Z2 associated with nuclei I and 2: 

t 
~ = ?F  (gl + 

t 
02 = ~ :  (Zl - Z~) ,  

where the zero-differential-overlap (z.d.o.) approximation 

z (i) z q ( l )  = z (l) zv(i) (t) 
is invoked in order to conform with common usage in semiempiricM calculations 
[2]. This approximation can be interpreted as the use of LOwnrir orthogonalized 
orbitals followed by consistent application of the Mnlliken approximation for all 
two-center overlap distributions [12]. The ground configuration of this molecule is 
the determinantal wavefunction 

V'o: 101 1. 
The two-electron hamiltonian for this system can in the fixed nuclei approxima- 
tion be written: 

g2 
H = He(l) + He(2) § - -  (2) 

r12 

where the core-hamiltonian He(i) contains the kinetic energy and the attractive 
potential from the nuclei for the i ' th electron. Using the hamiltonian in the form 
(2) and applying the z.d.o, approximation (l) the energy of T0 can by standard 
methods be obtained as 

where 

1 (3) 

(, 
&, 

y ~ q  =: Z~(I )Zq(2)  - - Z ~ ( I )  Zq(2) d~l  d~: 2 �9 

The predominant part  of the horizontal correlation energy can now be taken 
into account by allowing the ground configuration ~o to interact with the doubly 
excited configuration [9, 10] 

with energy 

E(~-/2) : 0r + 0r - -  2fl12 ~ - i ( ~ t l  + ~]12) " (4) 

The "horizontally correlated" ground state function is accordingly 

~0 = V l - - - : ~  ~o + ~ ~ ,  (5) 

where the mixing coefficient, 4, to a good approximation can be obtained from 
perturbation theory ff needed. What  is most important  for the present discussion 
is that  A is inherently negative for the present choice of phases. This follows from 
the first order expression 

/t02 
~- E(W0) - E(W2) ' (6) 
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the denominator is always negative (or zero) whereas the numerator 

H0~ - = f T  O H gYed~ - -  � 8 9  - -  ) ]12)  (7) 

is positive for non-vanishing internuclear separation. Furthermore, 2 is a function 
of the internuclear separation decreasing asymptotically towards - 1 / / 2  as the 
separation goes to infinity [9]. This is seen by observing that  ~0 and ~rJ 2 in this 
case become degenerate, since both of the two-center integrals file and )]12 vanish. 
Combining Eqs. (3), (4), (5) and (7) we obtain the energy ofr 

E(~b0) = (t  - -  2 2) E(}P  0) § 2Z VI - -  h 2 Hoe § h e E ( ~ e )  

= cq + ~2 + 2(1 -- 2h  ~)fi12 + 
+ �89 + 2h Vi - h e) )]~1 + �89 - 2h Vi - h~) )]~ 

o r  
t 1 P r 

E ( r  = ~ + ~ + 2fi~2 + ~ ( 7 ~  + ~2)  (8) 

where the primed integrals are defined as 

~h : (~ -- 2 2e) file, (9a) 

7~1 = (t § 2 2 Vt -- h ~) 711, (9b) 

)lie - ( t  - 2 h / l  - h e) ) l ie .  (9c) 

tIenee by this straight-forward configuration interaction calculation we have 
arrived at a horizontally correlated energy expression (8) which is formally iden- 
tical to the simpler expression (3), provided the proper integral values (9) are 
inserted. Eq. (9) therefore represent a set of theoretical expressions for the one- 
and two-center parameters. The derivation has then primarily shown that  for this 
simple system, which in a sense is a prototype for alternant hydrocarbons, it is 
certainly possible to account for a large fraction of the correlation energy of the 
ground state by suitable changes of the values of exactly those integrals which are 
considered parameters in the semi-empirical approaches. 

Of the three parameters (9) the core-integral fl;~ is seen to be the least sensitive 
to horizontal correlation, since the correction is of second order in the mixing 
coefficient 2. This is in good agreement with the fact that  non-empirically computed 
fl-integrals are known to be quite close to the semiempirieal values. 

However, the two )]-parameters (9b) and (9c) behave entirely differently from 
the generally accepted coulomb-repulsion parameters [2]. I t  was noted previously 
that  h is negative and decreases asymptotically towards - 1 / / 2  as the internuclear 
distance goes to infinity. This implies that  )]11 is always smaller than )]11, as is 
usually assumed, however, it  is strongly dependent on the interatomic distance 
and is actually vanishing for large separation. )];1 is hence not a local quantity 
(i.e. a quantity depending solely on the nature of atom 1). This is clearly at 
variance with the idea of using atomic correlation data to estimate this parameter. 

The two-center coulomb repulsion parameter )][2 is on the other hand always 
larger than the non-empirical value for )]~2, the distance dependence here being 
such that  )]12 approaches twice the value of )]1~ for large separations. This is in 
noteworthy contrast to the general assumption that  the semi-empirical value of 
this parameter approaches the non-empirical for large interatomic distances. The 
h dependence of the two coulomb repulsion parameters has the consequence that  
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! ~ r Y12 is larger than Yll for interatomie distances larger than a certain value, which in 
hydrogen turns out to be less than the equilibrium separation. 

Discussion 
The behaviour of the parameters (9b) and (9c) is easily explained on physical 

ground. The coefficient of the one-center repulsion integral, Yn, indicates the 
amount of ionic character in the wavefunction, whereas the coefficient of y~  shows 
the amount of covalent character. In a simple molecular orbital wavefunction the 
two structures are known to be equally represented, as witnessed by the mutual 
factor of �89 for the two integrals in Eq. (3) [13]. What is clone in Eqs. (9) is really to 
assign different weights to the two integrals according to the changes in the relative 
amounts of ionic and covalent structures which result from the configuration 
interaction (5) [9]. At large internuclear separations the wavefunction becomes 
entirely covalent, and the one-center repulsion must consequently disappear, as 
indeed it does. The equations therefore reflect some well-established features of 
elementary valence chemistry. I t  may be added that  this behaviour of the coulomb 
repulsion parameters will obtain quite generally whenever the separated atom (or 
separated fragment) limit for the principal molecular orbital configuration for a 
particular state corresponds to nonstationary states of the fragments. This in turn 
is the expected situation whenever the proper dissociation limit contains fragments 
with non-dosed shells*. 

I t  must be emphasized that  the results of this discussion are not to be inter- 
preted to mean that  the relations (9) should be used to evaluate the parameters 
for a Pariser-Parr-Pople-type calculation. However, they do indicate tha t  a theo- 
retical justification of the properties of the semi-empirical parameters is not 
likely to be found by considerations of correlation effects in a single electronic 
state. This conclusion is in agreement with the actual experimental determination 
of these parameters which are obtained from spectroscopic data involving a number 
of different states, since it can be expected that  the correlation energies of different 
electronic states of a molecule will differ significantly. This expectation is sup- 
ported by the results of the work of Cx~Am [15] and some recent work by C~Am 
and BE~RY [16] which show that  the excited states of benzene exhibit large dif- 
ferences in ionic character and hence in horizontal correlation. CLW~E~TI [14] 
has in a study of atoms similarly found that  different states, even states arising 
from the same configuration, have correlation energies which differ by amounts 
that  are non-trivial compared to the splittings of the states. 

In concluding we wish to point out one corollary of this conclusion, namely 
that  a theoretical estimate of the form of the interpolation to use for two-center 
repulsion integrals according to this discussion requires explicit consideration of 
all the pertinent electronic states. 

* The author is grateful to Professor R. STEP~E~ BERRr for a valuable discussion of this 
point and for a preprint of Ref. [16]. 
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